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ALGEBRAIC CURVES WITH AUTOMORPHISM GROUPS OF LARGE
PRIME ORDER
NAZAR ARAKELIAN AND PIETRO SPEZIALI
Abstract. Let X be an algebraic curve of genus g defined over an algebraically closed field
K of characteristic p ≥ 0, and q a prime dividing |Aut(X )|. We say that X is a q-curve.
Homma proved that either q ≤ g + 1 or q = 2g + 1, and classified (2g + 1)-curves. In this
note, we classify (g+1)-curves, and fully characterize the automorphism groups of q-curves
for q = 2g + 1, g + 1. We also give some partial results on q-curves for q = g, g − 1.
1. Introduction
Let X be a (projective, algebraic, non-singular, absolutely irreducible) curve of genus g
defined over an algebraically closed field of characteristic p ≥ 0. Let q be a prime dividing the
order of the automorphism group Aut(X ) of X . Homma [9, Theorem 1] proved that either
q ≤ g+1 or q = 2g+1. In this paper, we study curves whose automorphism group is divided
by a prime q that is large compared to g; more specifically, we are interested in the cases
when q ≥ g − 1. A motivation (and at, the same time, a nice application of) for our results
is the problem of determining, for any fixed genus g, the possibilities of the automorphism
groups for curves of genus g, as well as, their respective models up to birational equivalence,
see for instance [11, 12].
From now on, to avoid long periphrases and repetitions, we introduce the following (non-
standard) terminology.
Definition 1. Let q be a prime number. A curve X defined over an algebraically closed
field K of characteristic p ≥ 0 is a q-curve if Aut(X ) contains a subgroup Cq of order q. A
q-curve is tame if either p = 0 or q 6= p, wild otherwise.
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Here, two problems naturally arise. First, the problem of classifying q-curves for any fixed
q (possibly, as we will do, for q = f(g), a function on the genus of X ); second, once such
curves are classified, to determine their full automorphism group. Homma [9, Theorem 2]
classified all (2g + 1)-curves (up to birational equivalence); later Seyama [16, Theorem 3.3]
computed their automorphism group when p = 0.
The first problem we address (and to which Section 3 is devoted) is then the determination
of the automorphism group of tame (2g + 1)-curves in any characteristic (as wild (2g + 1)-
curves are always hyperelliptic). Let X be a (2g + 1)-curve; the most difficult part is to
understand what happens when Aut(X ) is non-tame. If this is the case, we show that
Aut(X ) is a finite simple group. By combining Henn’s classification of curves with more
than 8g3 automorphisms and a result by Vdovin [23] bounding the size of abelian subgroups
of finite simple groups, we prove that a cyclic group of order 2g + 1 is normal in Aut(X )
unless X is birationally equivalent to a Hermitian curve.
Then, we turn our attention to (g + 1)-curves. In Section 4, we first provide the classifi-
cation of tame and wild (g + 1)-curves. Then, we characterize hyperelliptic (g + 1)-curves
and finally, we provide the full automorphism group of tame, non-hyperelliptic (g+1)-curves
whenever p 6= 2, 3, as well as, the full automorphism group of wild (g + 1)-curves. In the
tame case, as (g+1)-curves have even genus, we apply the deep results obtained by Giulietti
and Korchma´ros in [7]. We prove that the automorphism group of a (g + 1)-curve X has to
be small, in the sense that the Hurwitz bound holds and that a group of prime order equal
to (g + 1) must always be normal in Aut(X ), with only one exception in genus 4.
Finally, in Section 5 we give some partial results on the classification of q-curves for
q = g, g − 1. Such cases seem rather difficult and deserve a separate investigation.
2. Background and preliminary results
Our notation and terminology are standard. For an exhaustive treatise of the theory of
curves and algebraic function fields, the reader is referred to [8] and [20]. Let X be a curve
defined over an algebraically closed field K of characteristic p ≥ 0. We denote by K(X ) the
function field of X . By a point P ∈ X we mean a point in a non-singular model of X ; in
this way, we have a one-to-one correspondence between points of X and places of K(X ).
Let Aut(X ) denote the full automorphism group of X . For a subgroup G of Aut(X ), we
denote by K(X )G the fixed field of G. A non-singular model X¯ of K(X )G is referred to as
the quotient curve of X by G and denoted by X /G. The field extension K(X ) : K(X )G is
Galois with Galois group G. For a point P ∈ X , G(P ) is the orbit of P under the action
of G on X seen as a point-set. The orbit G(P ) is said to be long if |G(P )| = |G|, short
otherwise. There is a one-to-one correspondence between short orbits and ramified points
in the extension K(X ) : K(X )G. G might have no short orbits; if this is the case, the cover
X → X /G (or equivalently, the extension K(X ) : K(X )G) is unramified.
For P ∈ X , the subgroup GP of G consisting of all elements of G fixing P is called the
stabilizer of P in G. We will often refer to GP as to the 1-point stabilizer (or, sometimes,
the one-point stabilizer) of G. For a non-negative integer i, the i-th ramification group of X
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at P is denoted by G
(i)
P , and defined by
G
(i)
P = {σ | vP (σ(t)− t) ≥ i+ 1, σ ∈ GP},
where t is a local parameter at P and vP is the respective discrete valuation. Here GP = G
(0)
P .
Furthermore, G
(1)
P is the unique Sylow p-subgroup of G
(0)
P , and the factor group G
(0)
P /G
(1)
P is
cyclic of order prime to p; see [8, Theorem 11.74]. In particular, if |GP | is a power of p, then
GP = G
(0)
P = G
(1)
P . For a point P ∈ X , the ramification index of P is defined as eP := |G
(0)
P |
and the different exponent of P is dP :=
∑
∞
i=0(|G
(i)
P | − 1).
Let g and g¯ be the genus of X and X¯ = X /G, respectively. The Riemann-Hurwitz genus
formula is
(1) 2g − 2 = |G|(2g¯ − 2) +
∑
P∈X
dP
see [8, Theorem 11.72]. If ℓ1, . . . , ℓk are the sizes of the short orbits of G, then (1) yields
(2) 2g − 2 ≥ |G|(2g¯ − 2) +
k∑
ν=1
(
|G| − ℓν
)
,
and equality holds if gcd(|GP |, p) = 1 for all P ∈ X ; see [8, Theorem 11.57 and Remark
11.61].
We now state some further facts, as well as, give a few definitions and notation that we
are going to need to prove our results.
Theorem 2.1. [8, Theorem 11.56] Let X be an irreducible curve of genus g ≥ 2. If G is a
K-automorphism group of X , then Hurwitz’s upper bound |G| ≤ 84(g − 1) holds in general,
with exceptions occurring only in positive characteristic. Such exceptions can only occur
when the quotient curve X /G is rational, and G has at most three short orbits, as follows:
(a) exactly three short orbits, two tame and one non-tame, with p ≥ 3;
(b) exactly two short orbits, both non-tame;
(c) only one short orbit which is non-tame;
(d) exactly two short orbits, one tame and one non-tame.
Theorem 2.2. (Roquette, [15]) Let X be an irreducible curve of genus g ≥ 2 defined over a
field of characteristic p > g+1. Then |Aut(X )| ≤ 84(g−1) holds, except for the hyperelliptic
curve defined by the affine equation Y p − Y − X2 = 0, with g = 1
2
(p + 1) and |Aut(X )| =
2p(p2 − 1).
The following result will be crucial in our paper.
Theorem 2.3. (Homma, [9]) If a prime number q is an order of an automorphism on an
algebraic curve X of genus g ≥ 2, then either q ≤ g + 1, or q = 2g − 1 and g = 2, or
q = 2g + 1.
We will also need the following results.
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Theorem 2.4. [8, Theorem 11.127] Let X be a curve of genus g ≥ 2. If |Aut(X )| ≥ 8g3,
then X is birationally equivalent to one of the following:
(I) the hyperelliptic curve of affine equation Y 2 + Y +X2k+1 = 0 with p = 2, g = 2k− 1;
also, Aut(X ) fixes a point P and |Aut(X )| = 22k+1(2k + 1);
(II) the hyperelliptic curve of affine equation Y 2 − (Xp
h
−X) = 0 with h ≥ 1, p > 2, g =
(ph − 1)/2; also, G/M ∼= PSL(2, ph)or G/M ∼= PGL(2, ph), where |M | = 2;
(III) the Hermitian curve of affine equation Y p
h
+ Y −Xp
h+1 = 0 with p ≥ 2, h > 1, g =
(p2h − ph)/2; also, Aut(X ) ∼= PSU(3, ph) or Aut(X ) ∼= PGU(3, ph);
(IV) the DLS curve of affine equation X2
h
(X2
h+1
+X)− (Y 2
h+1
+ Y ) = 0 with p = 2, g =
2h(2h+1 − 1); also, Aut(X ) ∼= Sz(2h+1).
Given a finite group G, the odd core of G, denoted by O(G), is the maximal (with respect
to inclusion) normal subgroup of odd order of G. A group G is said to be odd core-free if
O(G) is trivial.
Theorem 2.5. (Giulietti and Korchma´ros, [7]) Let p > 2. If G is a subgroup of the au-
tomorphism group of some non-rational algebraic curve with even genus defined over an
algebraically closed field of odd characteristic p, then, with q being a prime power (with such
prime not necessarily equal to p), one of the following cases occurs up to isomorphism:
(i) G has odd order;
(ii) G = O(G)⋊ S2, where S2 is a 2-group with a cyclic subgroup of index 2;
(iii) the commutator subgroup of G/O(G) is isomorphic to SL(2, q) with q ≥ 5;
(iv) PSL(2, q) ≤ G/O(G) ≤ PΓL(2, q) with q ≥ 3;
(v) PSL(3, q) ≤ G/O(G) ≤ PΓL(3, q) with q ≡ 3 mod 4;
(vi) PSU(3, q) ≤ G/O(G) ≤ PΓU(3, q) with q ≡ 1 mod 4;
(vii) G/O(G) = Alt7;
(viii) G/O(G) = M11;
(ix) G/O(G) = GL(2, 3);
(x) G/O(G) is the unique perfect group of order 5040 and (G/O(G))/Z(G) ∼= Alt7;
(xi) G/O(G) is the group of order 48 named SmallGroup(48, 28) in the GAP-database.
3. On (2g + 1)-curves
3.1. Known results. (2g+1)-curves were classified by Homma in [9, Theorem 1]. To make
our paper as self-contained as possible, we state his classification without proof.
Theorem 3.1. Let 2g + 1 be a prime number.
(a) A curve X is a tame (2g+ 1)-curve if and only if X is birationally equivalent to one
of the following plane curves:
Xm,n : Y
2g+1 = Xm−n(X − 1)n (1 ≤ n < m ≤ g + 1).
(b) A curve X is a wild (2g + 1)-curve if and only if X is birationally equivalent to the
plane curve:
R : Y 2 = X2g+1 −X.
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Remark 3.2. If X is a tame (2g+1)-curve, then C(2g+1) fixes exactly three points, P0, P1, P∞;
we shall denote by Ω the set of such fixed points.
Further results on (2g+1)-curves were later given by Seyama [16], whose main results we
summarize in the following Theorem.
Theorem 3.3. Let Xm,n be a tame (2g + 1)-curve. Then the following hold.
(i) There exists an integer r ∈ {1, . . . , 2g − 1} such that Xm,n is birationally equivalent
over K to X1,r.
(ii) Xr := X1,r is hyperelliptic if, and only if, r ∈ {1, g, 2g + 1}.
(iii) There exists an automorphism τ ∈ Aut(Xr) of order 3 normalizing G if, and only if,
r2 + r + 1 ≡ 0 mod (2g + 1).
(iv) Let p = 0; then C(2g+1) is normal in Aut(Xr), whence |Aut(Xr)| = c(2g + 1), where
c ∈ {1, 2, 3}, unless g = 3 and Xr is isomorphic to the Klein quartic.
Remark 3.4. The result in Theorem 3.3 (iv) holds whenever p > 0 and Aut(Xr) is tame.
3.2. Automorphisms of tame (2g+1)-curves for p > 0. Throughout this subsection, Xr
is a tame (2g + 1)-curve of genus g > 3. Also, we let C(2g+1) = 〈α〉, and Ω = {P0, P1, P∞} is
the set of points fixed by α. By Theorem 2.2 and Remark 3.4, we may assume 0 < p ≤ g+1.
We aim to prove the following Theorem.
Theorem 3.5. C(2g+1) is normal in Aut(Xr), whence |Aut(Xr)| = c(2g + 1), where c ∈
{1, 2, 3}, unless g = ph(ph − 1)/2 for some h ≥ 1 and Xr is isomorphic to the Hermitian
curve H : Xp
h+1 = Y p
h
+ Y .
To prove Theorem 3.5, we need several results. We start by proving some basic facts.
Lemma 3.6. C(2g+1) is a Sylow (2g + 1)-subgroup of Aut(Xr).
Proof. By contradiction, let S be a Sylow (2g+1)-subgroup of Aut(Xr) with |S| = (2g+1)
i,
i ≥ 2. Then S has a subgroup S1 of order (2g + 1)
2. Then S1 is abelian, a contradiction to
[8, Theorem 11.79]. 
Remark 3.7. Let H be the normalizer of C(2g+1) in Aut(Xr). Then H must act on the
set Ω, that is, there exists a permutation representation ρ : H → S3. A computation via
the Riemann-Hurwitz formula shows that Ker(ρ) = C(2g+1). Hence, H/C(2g+1) ≤ S3 ≤
PGL(2, K).
Lemma 3.8. If 2 | |H|, then Xr is hyperelliptic.
Proof. Let i be an involution in H ; then i fixes a point in Ω, say P∞, and permutes P0 and
P1 by Remark 3.7. Let p 6= 2; then 〈i, α〉 is cyclic. Let i¯ = H/C(2g+1), and denote by π the
covering Xr → Xr/C(2g+1) ∼= P
1. Then i¯ fixes two points on Xr/C(2g+1), namely π(P∞) and
a point R with |π−1(R)| = 2g + 1. Since i commutes with G, it must fix π−1(R) pointwise,
and the claim follows.
If p = 2, then C(2g+1) must normalize i. Let X˜ = X /〈i〉 and g˜ = g(X˜ ). Then g˜ ≤ 1 since
g˜ < g. Suppose g˜ = 1. Then C(2g+1) must be isomorphic to a subgroup of a non-trivial
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one-point stabilizer in the automorphism group of an elliptic curve, a contradiction to [8,
Theorem 11.94], whence g˜ = 0 follows. 
Henceforth, we shall assume that Xr is not hyperelliptic.
Proposition 3.9. Let Xr be non-hyperelliptic and let P ∈ Ω. Then Aut(Xr)
(1)
P is trivial.
Proof. Let us recall that p ≤ g + 1. By contradiction, let Aut(Xr)
(1)
P ⋊C(2g+1) = Aut(Xr)
(0)
P ,
with |Aut(Xr)
(1)
P | = p
s for s ≥ 1. As C2g+1 cannot be normal in H by Remark 3.7 and Lemma
3.8, the number n2g+1 of Sylow (2g+1)-subgroups in Aut(Xr)
(0)
P is such that n2g+1 ≥ 2g+2.
This implies |Aut(Xr)
(1)
P | > 2g + 1. Then by [8, Theorem 11.78], X¯r = Xr/Aut(Xr)
(1)
P is
rational and {P} is the unique short orbit of Aut(Xr)
(1)
P . Denote by π the covering Xr → X¯r.
Then C¯2g+1 = Aut(Xr)
(0)
P /Aut(Xr)
(1)
P is a tame cyclic subgroup of PGL(2, K), whence it fixes
two points in X¯r, namely π(P ) and a point Q with |π
−1(Q)| = ps. Then Ω\{P} is contained
in π−1(Q), whence ps = c(2g+1)+ 2 for c > 0. Also, n2g+1 = k(2g+1)+ 1 ≥ 2g+2 divides
ps, which implies ps = (c1(2g+1)+2)(k(2g+1)+1) ≥ (c1(2g+1)+2)(2g+2) for an integer
c1 > 0. in fact, c1 = 0 would yield p = 2, and by applying the proof of Lemma 3.8 to a
central involution of Aut(Xr)
(1)
P , we see that Xr is hyperelliptic, a contradiction. Then
|Aut(Xr)
(1)
P | ≥ (2g + 3)(2g + 2) > 4
p
(p− 1)2
g2,
a contradiction to [8, Theorem 11.78 (iii)].

Lemma 3.10. Let N be a non-trivial normal subgroup of Aut(Xr). Then C(2g+1) ≤ N .
Proof. By contradiction, assume C(2g+1)∩N = {1}. Let X¯r = Xr/C(2g+1); also, let g¯ = g(X¯r)
and π : Xr → X¯r the corresponding Galois covering. Then g¯ ≤ 1 since g¯ < g.
Suppose g¯ = 1. Then C¯ = C(2g+1)N/N must be isomorphic to a subgroup of a non-trivial
one-point stabilizer in the automorphism group of an elliptic curve, a contradiction to [8,
Theorem 11.94].
If g¯ = 0, then C¯(2g+1) = C(2g+1)N/N is a cyclic subgroup of PGL(2, K) and, as such,
it fixes two points Q¯, R¯ on X¯r ≃ P
1(K). By Proposition 3.9 and Lemma 3.8, |π−1(Q¯)| =
|π−1(R¯)| = |N |. Then Ω = {P0, P1, P∞} ⊂ π
−1(Q¯) ∪ π−1(R¯). This gives a contradiction, as
we would either have |N | ≡ 3 mod 2g+1 and |N | ≡ 0 mod 2g+1, or |N | ≡ 2 mod 2g+1
and |N | = 1 mod 2g + 1. Then, our result follows.

Remark 3.11. It can be checked that C(2g+1) is normal in Aut(Xr) whenever the Hurwitz
bound holds. In fact, Proposition 3.9 allows to rewrite the original proof of Theorem 3.3
for p > 0 and the hypothesis that |Aut(Xr)| ≤ 84(g − 1). The proof and the computations
involved are pretty similar to the ones we provide in Theorem 4.18. We briefly sketch the
reasoning. First, by applying the Riemann-Hurwitz formula, one can prove that if C(2g+1) is
self-normalizing in Aut(Xr), then C(2g+1) = Aut(Xr). Since we are considering the case of
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non-hyperelliptic (2g+1)-curves, we are left to consider the case when C(2g+1) is normalized
by a cyclic group of order 3. If C(2g+1) is not normal in Aut(Xr), then by the Sylow Theorem
|Aut(Xr)| ≥ 3(2g + 1)(2g + 2) > 84(g − 1) whenever g > 3.
Hence, we may focus on the case when |Aut(Xr)| > 84(g− 1). An immediate consequence
of Proposition 3.9 is the following.
Corollary 3.12. If |Aut(Xr)| > 84(g − 1), then case (d) of Theorem 2.1 holds.
Lemma 3.13. Let Xr be a non-hyperelliptic (2g + 1)-curve of genus g > 2. Suppose that
|Aut(Xr)| > 84(g − 1). Then the following hold:
(i) There is a cyclic automorphism τ ∈ Aut(Xr) of order 3 normalizing α and acting
transitively on Ω = {P0, P1, P∞}.
(ii) Aut(Xr)Pi = C2g+1 for all i = 0, 1,∞.
(iii) |Aut(Xr)| = 3(2g + 1)(d(2g + 1) + 1) for some positive integer d.
Proof. If |Aut(Xr)| > 84(g − 1), then by Corollary 3.12, Aut(Xr) has two short orbits on
Xr: one tame, say Λ1, and one non-tame, say Λ2. Moreover, Proposition 3.9 implies Ω =
{P0, P1, P∞} ⊂ Λ1. In particular, there exists τ ∈ Aut(Xr) such that τ(P0) = P1. Thus
τ−1ατ(P0) = τ
−1(P1) = P0. Hence τ
−1ατ ∈ Aut(Xr)P0, and then τ
−1ατ = α. Thus the
order of τ equals 3. This proves (i).
To prove (ii), assume that |Aut(Xr)Pi | > 2g + 1. By Proposition 3.9, Aut(Xr)Pi is tame,
whence cyclic. By [8, Theorem 11.79] we have |Aut(Xr)Pi| = 2(2g+1), and Xr is hyperelliptic
by Lemma 3.8, a contradiction.
Finally, since Ω ⊂ Λ1, then (i) and (ii) imply that 3 divides |Λ1| and |Λ1| ≡ 3 mod 2g+1.
Thus, |Λ1| = 3d(2g + 1) + 3 for some positive integer d. This combined with the Orbit-
Stabilizer Theorem finishes the proof.

Hence, by Lemma 3.13, we may assume Xr non-hyperelliptic with r such that r
2+r+1 ≡ 0
mod (2g+1). Let H = NAut(Xr)(C(2g+1)); then H is a non-abelian group of order 3(2g+1).
Note that this is possible only if 3 | g (as 3 must divide 2g).
A key consequence of Lemma 3.10 is that the intersection N¯ of all non-trivial normal
subgroups of Aut(X ) is non-trivial as it must contain C(2g+1); further, N¯ must be bigger
than C(2g+1) as C(2g+1) is not normal in Aut(Xr) under our hypotheses. Note that N¯ is a
minimal normal subgroup of Aut(Xr) and, as such, it is characteristically simple (see [14, p.
87]). Then N¯ = S(n) for a finite simple group S ([14, p. 88]). Actually, n = 1 by Lemma
3.6, whence N¯ = S.
Lemma 3.14. |N¯ | > 84(g − 1).
Proof. As N¯ is simple, and C(2g+1) is s Sylow (2g + 1)-subgroup of N¯ , we have |N¯ | >
(2g+1)(2g+2) as a group of order q(q+1) for a prime q, is non-simple. If the number n2g+1
of Sylow (2g + 1)-subgroups is such that n2g+1 ≥ (6g + 4), then the claim holds for g > 4,
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and we are done. If n2g+1 = 4g + 3,then
|N¯ | ≥ 4(2g + 1)(4g + 3) > 84(g − 1)
for every g, since 4 must divide |N¯ | (N¯ simple) and 4g + 3 ≡ 3 mod 4. Next, assume
n2g+1 = 2g + 2; then
|N¯ | ≥ 2(2g + 1)(2g + 2) > 84(g − 1)
whenever g > 7. We then deal with the cases g = 5, 6 separately. If g = 5, we must rule out
the possibility that |N¯ | = 264, which is immediately disposed of, as there is no simple group
of such order. If g = 6, we must rule out the possibility that |N¯ | = 364, for which the same
argument as in the former case applies.

Corollary 3.15. If |Aut(Xr)| > 84(g − 1), then Aut(Xr) is a finite simple group.
Proof. From our previous results, it follows that if Aut(Xr) is non-simple, then it contains a
simple minimal normal subgroup N¯ . Also, a consequence of Lemma 3.14 is that the whole H
is a subgroup of N¯ . But then N¯ contains the normalizer of a non-trivial Sylow subgroup of
Aut(Xr), and as a consequence of the Sylow Theorem, N¯ is self-normalizing. In particular,
it cannot be a non-trivial normal subgroup of Aut(Xr), a contradiction.

Theorem 3.16. If |Aut(Xr)| > 84(g − 1), then |Aut(Xr)| > 8g
3. In this case, Aut(X ) ∼=
PSU(3, ph), and Xr is isomorphic to a Hermitian curve.
Proof. By [23, Theorem A], if G 6∼= PSL(2, q) is a non-abelian finite simple group and A ≤ G
is abelian, then |A|3 < |G|. Let Aut(Xr) 6∼= PSL(2, q). We then have |Aut(Xr)| > (2g+1)
3 >
8g3. Since Xr is not hyperelliptic, then by Theorem 2.4 either p = 2, Xr is isomorphic to a
Suzuki curve, and Aut(Xr) is isomorphic to a Suzuki group Sz(2
2h+1), for an integer h > 0,
or Xr is isomorphic to a Hermitian curve and Aut(Xr) ∼= PGU(3, p
k) for an integer k > 0.
We can exclude the former possibility as 3 ∤ |Sz(22h+1)|. Assume that the latter holds. As
Xr is a Hermitian curve, we have 2g+1 = q
2− q+1 for a prime power q 6= 2g+1. Further,
as 3 | g, and p 6= 3, we have q ≡ 1 mod 3. In particular, d = 1 and Aut(Xr) ∼= PSU(3, q) is
simple.
We need to exclude the possibility that Aut(Xr) ∼= PSL(2, q). The subgroups of PSL(2, q)
are known, see for instance [8, Theorem A.8]. Looking at this list, we see that either q = 2g+1
or 2g+1 | q±1. If the former holds, there should exist a cyclic group of order g/2 normalizing
C(2g+1), a contradiction to Lemma 3.13 (i) as g > 3. If the latter holds, the normalizer of
C(2g+1) is a dihedral group, and again a contradiction is given by Lemma 3.13 (i) since the
automorphism τ of order 3 does not commute with C(2g+1).

Proof of Theorem 3.5. First, let |Aut(Xr)| ≤ 84(g − 1). By Lemmas 3.10 and 3.14,
C(2g+1) is a minimal normal subgroup of Aut(Xr). Then, |Aut(Xr)| = c(2g + 1), for c ∈
{1, 2, 3} by Remark 3.7.
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Next, assume that |Aut(Xr)| > 84(g− 1). By Theorem 3.16, we only need to see whether
a Hermitian curve can be a (2g+ 1)-curve or not. Recall that a Hermitian curve H over Fq2
has affine equation Xq+1 = Y q + Y , is non-singular, thence it has genus g(H) = (q2 − q)/2.
If 2g+1 = q2− q+1 is a prime, we must then look for cyclic subgroups of PSU(3, q) of this
order normalized by an element of order 3. By looking at the list of (maximal) subgroups
of PSU(3, q) (see [8, Theorem A.10]), we see that there is one such subgroup, namely the
normalizer of a Singer subgroup of order q2 − q + 1, and the result follows.

4. On (g + 1)-curves
In this section, we classify (g+1)-curves up to birational equivalence, characterize hyper-
elliptic (g + 1)-curves and determine their automorphism groups. Henceforth, in order to
simplify our notation, we let C(g+1) = G and G = 〈α〉. Also, we denote by ρ(α) the number
of points on X that are fixed by α.
4.1. Classification.
Lemma 4.1. Let X be a (g + 1)-curve with g > 2, and let g¯ be the genus of the quotient
curve X /〈α〉. Then one of the following holds.
(i) If g + 1 6= p, then g¯ = 0, and ρ(α) = 4;
(ii) If g + 1 = p, then g¯ = 0, and ρ(α) ∈ {1, 2}.
Proof. As g + 1 is prime, regardless of which case holds (p 6= g + 1 or p = g + 1), the
Riemann-Hurwitz genus formula applied to the covering X → X /〈α〉 reads
(3) 2(g − 1) = 2(g + 1)(g¯ − 1) + sg.
for a non-negative integer s. From direct inspection, we see that g¯ ≤ 1. Assume that g¯ = 1;
then Equation (3) yields
g =
2
2− s
,
a contradiction. Hence, g¯ = 0.
If g + 1 6= p, then s = ρ(α). In this case, Equation (3) reads
(4) 4g = sg,
whence s = 4, and item (i) follows.
If g + 1 = p, Equality (4) still holds true. However, higher ramification groups at each
point that is fixed by α have to be taken into account. Let P be one of such points. As
G
(0)
P = G
(1)
P = G, we have that the different exponent dP of P (see [8, Theorem 11.70])
is such that dP ≥ 2g, whence either P is the only point that is fixed by α, and G
(0)
P =
G
(1)
P = G
(2)
P = G
(3)
P = G while G
(4)
P is trivial, or there exists a further fixed point Q and
G
(0)
P = G
(1)
P = G
(0)
Q = G
(1)
Q = G with G
(2)
P , G
(2)
Q both trivial. Hence, item (ii) follows. 
Theorem 4.2. Let X be a (g + 1)-curve with g > 2. Then one of the following holds.
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(a) If X is tame, then X is birationally equivalent to one of the following plane curves:
Xr,s,t,a : Y
g+1 = Xr(X − 1)s(X − a)t,
where a ∈ K \ {0, 1} and r, s, t < g + 1, with r + s+ t 6≡ 0 mod (g + 1).
(b) If X is wild, then X is birationally equivalent either to a (hyperelliptic) curve
Ya,b,c : Y
g+1 − Y =
aX2 + bX + c
X(X − 1)
,
with (a, b, c) 6= (0, 0, 0) and gcd(aX2 + bX + c,X(X − 1)) = 1, or to a curve
Zd,e,ℓ : Y
g+1 − Y = X3 + dX2 + eX + ℓ,
for d, e, ℓ ∈ K.
Proof. (a). By Lemma 4.1, the cover X → X /G ∼= P1 is a Kummer cover totally ramifying
at 4 points. As Aut(P1) ∼= PGL(2, K) is sharply 3-transitive on the points of P1, we may
assume that 3 of such points are P¯∞ = ∞, P¯0 = (0 : 1) and P¯1 = (1 : 1), the fourth being
given by P¯a = (a : 1) for some a 6= 0, 1. This means K(X ) = K(x, y) with y
g+1 = h(x), for
a polynomial h(x) ∈ K(x) that has its zeroes at P¯0, P¯1 and P¯a, and whose degree is coprime
with g + 1. The result is then a consequence of [20, Proposition 3.7.3]
(b). By Lemma 4.1, the cover X → X /G ∼= P1 is an Artin-Schreier cover totally ramifying
either at one point P or at two points P,Q. In the former case, the function field of X can
be written in standard form as K(x, y) with yg+1 − y = f(x) for a function in K(x) with
exactly one pole of order 3, see [20, Proposition 3.7.8], whence f is a degree-3 polynomial,
that can be assumed to be monic since K is algebraically closed. Hence,
f(x) = x3 + dx2 + ex+ ℓ,
for d, e, ℓ ∈ K.
In the latter case, by [20, Proposition 3.7.8] we have K(X ) = K(x, y) with yg+1−y = g(x)
for a function g(x) ∈ K(x) with exactly two simple poles. We may choose such poles to be
(0 : 1), (1 : 1); further, the numerator of g is coprime with x(x− 1) and has degree less than
or equal to 2. Summing up these informations, we get
g(x) =
ax2 + bx+ c
x(x− 1)
,
with (a, b, c) 6= (0, 0, 0) and gcd(ax2 + bx+ c, x(x− 1)) = 1, and our claim follows. 
Remark 4.3. The full list of (g+1)-curves for g = 2, as well as their automorphism groups,
can be found in [17].
4.2. Hyperelliptic (g + 1)-curves. Throughout this subsection, X is a (g + 1)-curve of
genus g > 2. Our goal here is to characterize all hyperelliptic (g+1)-curves when p 6= 2. As
we will see, the most difficult (and most interesting) case is when X is tame.
Theorem 4.4. The following hold.
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• If X is wild, then X is hyperelliptic if, and only if, it is birationally equivalent to the
curve Ya,b,c as in Theorem 4.2(b).
• If X is tame and p > 2, then X is hyperelliptic if, and only if, it is birationally
equivalent to the plane curve
Y 2 = (Xg+1 − ao)(X
g+1 − a1),
with a0, a1 ∈ K
∗.
Proof. If X is wild, our result is a straightforward corollary of Theorem 4.2(b), as it is clear
from its equation that the curve Ya,b,c is hyperelliptic. It is then enough to check that curves
Zd,e,ℓ : Y
g+1 − Y = X3 + dX2 + eX + ℓ
are not hyperelliptic. By contradiction, let Zd,e,ℓ be hyperelliptic. Let K(Zd,e,ℓ) = K(x, y);
then the pole divisor of y is given by (y)∞ = 3P∞, where P∞ is the unique place of K(X )
centered at (1 : 0 : 0). Since the gap sequence of a hyperelliptic curve over K is classical
(see e.g. [18, Satz 8]) and g ≥ 4, then P∞ is a Weierstrass point for Zd,e,ℓ. Let H(P∞) be
the Weierstrass semigroup at P∞. Then 3 ∈ H(P∞). But 2 ∈ H(P∞) as P∞ is a Weierstrass
point, which gives that H(P∞) = {0, 2, 3, . . .}, a contradiction since g > 1.
Let p 6= g+ 1 with p > 2. Let i denote the hyperelliptic involution of X , and α ∈ Aut(X )
with αg+1 = 1. Then α ∈ Aut(X )/〈i〉 as g + 1 is odd. By [5, Satz 5.1 and 5.6, Lemma
5.5], Aut(X ) has a cyclic automorphism group of order g + 1 if and only if there exist u, t
generators of K(X ) such that
u2 = tν
s−1∏
j=0
(tg+1 − aj),
where ν ∈ {0, 1}, s ∈ N+ and the aj ∈ K
∗ are pairwise distinct. Thus ν = 0, s = 2, and our
claim follows. 
Proposition 4.5. Let Xr,s,t,a : Y
g+1 = Xr(X − 1)s(X − a)t be a tame (g + 1)-curve. If
r + s+ t ≤ g, then Xr,s,t,a is not hyperelliptic.
Proof. By contradiction, assume that Xr,s,t,a with r + s + t ≤ g is hyperelliptic. Let P∞ be
the unique place centered at (1 : 0 : 0). On the one hand, by Theorem 4.4 (b), we have
that P∞ cannot be a Weierstrass point for Xr,s,t,a as it is fixed by the automorphism of order
(g+1) given by α(x, y) = (x, λy), where λ is a primitive (g+1)-th root of the unity. Hence,
P∞ has the classical gap sequence G(P∞) = {1, . . . , g} as Xr,s,t,a is hyperelliptic. On the
other hand, as (y)∞ = (r + s + t)P∞, we have that l = r + s + t ≤ g is a non-gap at P∞, a
contradiction. 
We are now in a position to characterize all tame hyperelliptic (g + 1)-curves for p 6= 2.
Proposition 4.6. Let Xr,s,t,a be a tame (g + 1)-curve defined by
Y g+1 = Xr(X − 1)s(X − a)t,
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where a ∈ K\{0, 1}, r, s, t < g + 1, r+ s+ t 6≡ 0 mod g + 1 and (r, s, t) 6= w(r′, s′, t′) where
r′ + s′ + t′ ≤ g. Then Xr,s,t,a is hyperelliptic if, and only if, {r, s, t} = {d, g + 1 − d} with
0 < d < g + 1.
Proof. Assume that r = s and r+t = g+1. As before, set G = 〈α〉, where α : (x, y) 7→ (x, λy)
and λ is a primitive (g+1)-th root of unity. Denote by P0, P1, Pa and P∞ the points of Xr,s,t,a
lying over the points P˜0 = (0 : 1), P˜1 = (1 : 1), P˜a = (a : 1) and P˜∞ = (1 : 0) ∈ Xr,s,t,a/G
respectively. Since r = s, we have
(y) = rP0 + rP1 + tPa − (2r + t)P∞ and (x− i) = (g + 1)Pi − (g + 1)P∞,
for i = 0, 1, a. Since g + 1 is prime and r < g + 1, there exist m,n ∈ Z such that −mr +
n(g + 1) = 1. For ℓ = m− n, define
f =
ym
xn(x− 1)n(x− a)ℓ
∈ K(Xr,s,t,a).
Then
(f) = (mr − n(g + 1))(P0 + P1) + (mt− ℓ(g + 1))Pa + ((2n+ ℓ)(g + 1)−m(2r + t))P∞
= P∞ + Pa − P0 − P1.
In particular, [K(Xr,s,t,a) : K(f)] = 2, and so Xr,s,t,a is hyperelliptic.
Conversely, if Xr,s,t,a is hyperelliptic, then there exists an involution µ ∈ Aut(Xr,s,t,a)
which fixes a rational subfield. Also, µ is central in Aut(Xr,s,t,a), whence it commutes with
G. In particular, µ must act semi-regularly on the set Ω = {P0, P1, Pa, P∞}. Without loss
of generality, we may assume that µ(P0) = µ(P1), µ(Pa) = P∞. As (x − a) = (g + 1)Pa −
(g + 1)P∞, there is a constant c ∈ K
∗ such that
µ(x) =
x− a
2−c
a
x/a− 1
.
Since the only zero of µ(x) is P1, we conclude that
a2−c
a
= 1, i.e., c = a2− a. Let fk ∈ K(x),
with k = 0, . . . , g such that
(5) µ(y) =
g∑
k=0
fky
k.
Combining (5) with the facts that µα = αµ and α(fk) = fk, we obtain
g∑
k=0
(λk − λ)fky
k = 0,
which gives that fk = 0 for k 6= 1, as the set {f0, f1y, . . . , fgy
g} is linearly independent over
K. Therefore, there is f(x) ∈ K(x) such that µ(y) = f(x)y. Now, on the one hand, the
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expression of µ(x) provides
µ(yg+1) = µ(xr(x− 1)s(x− a)t) = ar+t(a− 1)s+t
xs(x− 1)r
(x− a)r+s+t
.
On the other hand, from µ(y) = f(x)y we obtain
µ(yg+1) = f(x)g+1xr(x− 1)s(x− a)t.
Comparing both equations, we obtain
f(x)g+1 =
ar+t(a− 1)s+txs−r(x− 1)r−s
(x− a)r+s+2t
.
Thus g + 1 divides both r − s and r + s + 2t. Since r, s, t ≤ g, we conclude that r = s and
r + t = g + 1. In particular, µ(y) = a(a−1)y
(x−a)2
. 
4.3. Automorphism groups of tame (g + 1)-curves. Throughout this subsection, X is
a tame, non-hyperelliptic (g + 1)-curve. Recall that G ≤ Aut(X ) is a group of prime order
equal to (g + 1), α is a generator of G and Ω = {P0, P1, Pa, P∞} is the set of points fixed
by α. We compute the full automorphism group Aut(X ) through a number of (mostly)
group-theoretical results. More in detail, we aim to prove the following result.
Theorem 4.7. For g ≥ 4, let X be a tame non-hyperelliptic (g + 1)-curve defined over an
algebraically closed field K of characteristic p 6= 2, 3. Then G is normal in Aut(X ), whence
|Aut(X )| = c(g + 1), for c ∈ {1, 2, 3, 4}, unless g = 4 and X is isomorphic to the curve
Q : Y 5 = X(X − 1)4(X − 1
2
)2.
Lemma 4.8. G is a Sylow (g + 1)-subgroup of Aut(X ).
Proof. By contradiction, let S be a Sylow (g + 1)-subgroup of Aut(X ) with |S| = (g + 1)i,
i ≥ 2. Then S has a subgroup S1 of order (g + 1)
2. Then S1 is abelian, a contradiction to
[8, Theorem 11.79]. 
Remark 4.9. Let N be the normalizer of G in Aut(X ). Then N must act on the set
Ω, that is, there exists a permutation representation ρ : N → S4. A computation via the
Riemann-Hurwitz formula shows that Ker(ρ) = G. Hence, N/G ≤ S4 ≤ PGL(2, K).
Proposition 4.10. Let C3 ≤ Aut(X ) with |C3| = 3. If C3 normalizes G, then either
(a) p 6= 3, and X is birationally equivalent to the curve Y g+1 +X3 + 1 = 0;
(b) p = 3, and X is birationally equivalent to the curve Y g+1 = X3 −X.
Proof. Let C3 = 〈β〉. First, we prove that H = 〈α, β〉 ≃ C3 ×G. As C3 must act on Ω and
β cannot fix Ω pointwise, then β must fix a point in Ω, say P0, and act semi-regularly on
Ω \ {P0}. If p 6= 3, this implies that H ∼= C3(g+1) ∼= C3 × G. If p = 3, then C3 has to be
normal in H , and again H ∼= C3(g+1) ∼= C3 ×G.
We now prove that g¯ = g(X /C3) = 0. By contradiction, let g¯ ≥ 1.
If g¯ = 1, then G must be isomorphic to a subgroup of a non-trivial one-point stabilizer in
the automorphism group of an elliptic curve, a contradiction to [8, Theorem 11.94].
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Let g¯ ≥ 2. Then by Theorem 2.3, g + 1 = 2g¯ + 1. By applying the Riemann-Hurwitz
formula to the cover π : X → X /C3, we get
4g¯ − 2 ≥ 6(g¯ − 1) + 2s,
for a positive integer s, that is,
g¯ ≤ 2− s.
However, we have s ≥ 1 as β(P0) = P0. This is a contradiction, whence g¯ = 0.
If p 6= 3, as X /G ∼= P1, C¯3 ∼= H/G is a tame cyclic subgroup of PGL(2, K), and hence it
fixes two points on P1, P¯0 = π(P0) and Q¯ ∈ P
1 \ π(Ω). This implies that 〈α, β〉 has three
short orbits on X , namely {P0},Ω \ {P0} and Ω1 with |Ω1| = g + 1. Item (a) then follows
from [2, Theorem 5.1 (a)].
If p = 3, then C¯3 ∼= H/G is a non-tame cyclic subgroup of PGL(2, K), and hence it fixes
exactly one point on P1, which is P¯0 = π(P0). Thus the cover X → X /C3 is an Artin-
Schreier cover of P1, and X /(C3 × G) has only one fully ramified point. Therefore, there
exist x, y ∈ K(X ) such that K(X /C3) = K(y), K(X /G) = K(x), and K(X /(C3 × G)) =
K(x3−x) = K(yg+1) with x3−x and yg+1 having a common pole. Hence, x3−x = ayg+1+b,
for some a, b ∈ K∗. From Galois Theory, one has that K(X ) = K(x, y), and item (b) follows
from a change of coordinates of (x, y).

Proposition 4.11. Let p 6= 2, and let i ∈ Aut(X ) be an involution normalizing α. Let
H = 〈i〉⋉G. Then, one of the following occurs:
(1) H is cyclic, and i has exactly two fixed points in Ω;
(2) H is cyclic, and i fixes no point in Ω; in this case, X is hyperelliptic;
(3) H is dihedral, and i has exactly two fixed points in X \ Ω.
Proof. It is immediately seen that H is either cyclic or dihedral. Further, as i normalizes α,
we have that i¯ = H/〈α〉 is an involution in PGL(2, K). As p > 2, then i fixes two points
Q¯, R¯ ∈ P1. Using the same notation as in Proposition 4.10, we see that either Q¯, R¯ ∈ π(Ω)
or Q¯, R¯ 6∈ π(Ω).
If the former holds, then H is cyclic and i has exactly two fixed points. Without loss of
generality, we may assume that such points are P0 and P∞. Also, by [20, Proposition 3.7.3],
X is birationally equivalent to a curve with affine equation
H : Y 2(g+1) = Xr(X − 1)2s,
with gcd(r, 2(g + 1)) = gcd(s, g + 1) = gcd(r + 2s, 2(g + 1)) = 1.
If the latter holds, then either i commutes with α or iα = α−1i. If iα = αi, then again H is
cyclic. This time, however, 〈i, α〉 has four short orbits, namely Ω1 and Ω2, (each of size two),
with Ω1 ∪ Ω2 = Ω and Ω3 and Ω4 (each of size g + 1), with Ω3 = π
−1(Q¯) and Ω4 = π
−1(R¯).
Clearly, i must fix a point Q1 ∈ Ω3 and a point R1 ∈ Ω4. But i is the only involution in
the cyclic group H , whence it fixes Ω3 and Ω4 pointwise. Then, X is hyperelliptic as i fixes
2g + 2 points.
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We are left with the case when H is dihedral. As in the previous case, H has four short
orbits, namely Ω1 and Ω2 of size two, with Ω1 ∪ Ω2 = Ω and Ω3 and Ω4 of size g + 1, with
Ω3 = π
−1(Q¯) and Ω4 = π
−1(R¯), and i fixes at least a point Q1 ∈ Ω3 and a point R1 ∈ Ω4.
We claim that Q1, R1 are the only points that are fixed by i. By [1, Application 3, n odd],
one has g(X /〈i〉) = g/2, and the assertion follows via the Riemann-Hurwitz formula.

Remark 4.12. From the proof of 4.11 (2), it is easily seen that when p 6= 2, a tame (g+1)-
curve is hyperelliptic if, and only if, it is birationally equivalent to a generalized Fermat curve,
see [2]. Although results on such curves where stated (and proved) over an algebraic closure of
a finite field, all the results regarding the automorphism groups of generalized Fermat curves
are still valid over any algebraically closed field. Thence, the full automorphism group of a
tame, hyperelliptic (g + 1)-curve can be found in [2, Theorem 6.11].
Proposition 4.13. Let p 6= 2, and let H/G be a subgroup of N/G such that |H/G| = 4. If
X is not hyperelliptic, then H/G cannot be isomorphic to the Klein Viergruppe V4.
Proof. By contradiction, let H/G ∼= V4. Then either H ∼= V4 × G or H ∼= D2(g+1), where
D2(g+1) is a dihedral group of order 4(g + 1). If the former holds, each one of the three
involutions in V4 commutes with G, and at least one of them must fix a point outside Ω. By
Proposition 4.11 (2), X is hyperelliptic, a contradiction.
If the latter holds, then exactly one involution i1 in V4 commutes with G, while the other
two involutions i2, i3 in V4 give rise to two conjugacy classes of involutions in D2(g+1) which
cannot commute with G, and hence, fix exactly two points each outside Ω. Say that i1
fixes P0 and P∞. Then i2(P0) = P∞ and i3(P0) = P∞ as V4 is abelian. This implies that
(without loss of generality) i2(P1) = Pa and i3(P1) = Pa. Thus, i1(P1) = (i2i3)(P1) = P1,
contradicting the fact that i1 fixes only two points.

Corollary 4.14. If X is not hyperelliptic, then |N/G| ≤ 6, with equality holding if and only
if p = 3, and X is isomorphic to the curve G with affine equation
G : Xg+1 = Y 3 − Y.
Proof. By Proposition 4.13, we immediately get |N/G| ≤ 6. Let p 6= 3. If there exists β ∈ N
of order 3, then by Proposition 4.10 (a) X is birationally equivalent to a generalized Fermat
curve with affine equation
F : Y g+1 +X3 + 1 = 0.
By [13, Theorem 1], one has Aut(F) ∼= G× 〈β〉 as 3 ∤ (g + 1).
If p = 3, by Proposition 4.10 (b), X is birationally equivalent to the curve
G : Y g+1 = X3 −X.
LetK(G) = K(x, y). The map γ(x, y) = (−x,−y) is an involution in Aut(K(G)) normalizing
G, and the assertion follows.

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Proposition 4.15. If p 6= 2, assume that there exists an automorphism δ ∈ Aut(X ) of order
4 normalizing G. Then, with notation of Theorem 4.2, we have r + s = g + 1, r2 + t2 ≡ 0
mod g + 1, a = 1/2, t 6= r, s and if δ−1αδ = αj, then j2 + 1 ≡ 0 mod g + 1.
Proof. First, note that δ acts transitively on Ω = {P0, P1, Pa, P∞}. Indeed, since δ normalizes
G, it has to act on the set of 4 points below those of Ω in P1, and the number of fixed points
of a cyclic group in P1 is 2. Thus we may assume that δ(P0) = Pa, δ(Pa) = P1, δ(P1) = P∞
and δ(P∞) = P0. Set µ = δ
2. Now µ normalizes G = 〈α〉 but it does not commute with
α, since otherwise it would follow from the proof of Proposition 4.6 that X is hyperelliptic.
Thus µαµ = αg. In particular, if δ−1αδ = αj, we have αj
2+1 = 1, and then g + 1|j2 + 1.
Arguing as in Proposition 4.6, we obtain
µ(x) =
a(x− 1)
x− a
and µ(y) = fyg, f ∈ K(x).
Hence
f g+1 =
ar+t(a− 1)s+txs−rg(x− 1)r−sg
(x− a)r+s+t(g+1)
,
which gives r + s = g + 1.
Now, (x) = (g + 1)P0 − (g + 1)P∞ and δ : (P0, P∞) 7→ (Pa, P0) implies
(δ(x)) =
(
x− a
x
)
,
thus δ(x) = c(x − a)x−1 for some c ∈ K. Analogously, we obtain δ(x − a) = c1(x − 1)x
−1
and δ(x− 1) = c2x
−1, with c1, c2 ∈ K. Comparing these equations, we obtain a = 2
−1 and
c = 1. Once again arguing as in Proposition 4.6 gives δ(y) = wyj for some w ∈ K(x), and a
computation leads to r2 + t2 ≡ 0 mod g + 1 and t 6= r, s. 
Proposition 4.16. For p > 3, let X be non-hyperelliptic and let P ∈ Ω. Then Aut(X )
(1)
P is
trivial.
Proof. For p > g + 1, the claim follows by Theorem [15]. Let p ≤ g − 1. By contradiction,
let H = Aut(X )
(1)
P ⋊ G ≤ Aut(X )
(0)
P , with |Aut(X )
(1)
P | = p
r for r ≥ 1. Since p > 3, G
cannot be normal in H by Remark 4.9, whence the number ng+1 of Sylow (g+1)-subgroups
in H is such that ng+1 ≥ g + 2. As ng+1 | p
r, we see that ng+1 = p
s, s ≤ r, whence
ng+1 = g + 2 is not possible as g + 2 is even. Then ng+1 ≥ 2(g + 1) + 1, which in turn
implies |Aut(X )
(1)
P | > 2g + 1. Then by [8, Theorem 11.78], X¯ = X /Aut(X )
(1)
P is rational
and {P} is the unique short orbit of Aut(X )
(1)
P . Denote by π the covering X → X¯ . Then
G¯ = H/Aut(X )
(1)
P is a tame cyclic subgroup of PGL(2, K) fixing two points in X¯ , namely
π(P ) and a point Q with |π−1(Q)| = pr. Then Ω \ {P} is contained in π−1(Q), whence
pr = c(g + 1) + 3 for c > 0 (recall that p > 3). Also, ng+1 = k(g + 1) + 1 ≥ 2(g + 1) + 1
divides pr, which implies pr = (c1(g + 1) + 3)(k(g + 1) + 1) ≥ (c1(g + 1) + 3)(2(g + 1) + 1)
for an integer c1 ≥ 0. Again, c1 > 0 as p > 3, and c1 ≥ 2 as g + 4 is even. Then
|Aut(X )
(1)
P | ≥ 4(g + 1)
2 > 4
p
(p− 1)2
g2,
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a contradiction to [8, Theorem 11.78 (iii)].

As an immediate yet crucial corollary of Proposition 4.16, we obtain the following.
Corollary 4.17. Let p > 3. If Aut(X ) has less than 3 short orbits, then case (d) of Theorem
2.1 holds.
Theorem 4.18. For p 6= 2, 3, let Aut(X ) have k ≥ 3 short orbits. Then G is normal in
Aut(X ), unless g = 4 and X is isomorphic to the curve
Q : Y 5 = X(X − 1)4(X − 1
2
)2,
with Aut(Q) ∼= S5. In particular, for g > 4, one has |Aut(X )| = c(g + 1) for c ∈ {1, 2, 3, 4}.
Proof. We will make frequently use of the following consequence of Proposition 4.16: the
stabilizer of a point in Ω has size b(g + 1), for b ∈ {1, 2, 3}.
By contradiction, let G be non-normal in Aut(X ). Then |Aut(X )| ≥ (g + 1)(g + 2).
Also, G cannot be self-normalizing. To see this, suppose not. Then no two of the points
in Ω can lie in the same Aut(X )-short orbit. Without loss of generality, assume that there
exists τ ∈ Aut(X ) such that τ(P0) = P1. Thus, τ
−1ατ(P0) = τ
−1(P1) = P0. Hence,
τ−1ατ ∈ Aut(X )P0, and then τ
−1ατ = α, that is, G is not self-normalizing. Now, let k be
the number of Aut(X )-short orbits; then k ≥ 4, and |Aut(X )| ≤ 12(g − 1) by the proof of
[8, Theorem 11.56]. This gives a contradiction for g > 7. We are then left with the cases
g = 4, |Aut(X )| = 30 and g = 6, |Aut(X )| = 56. In both cases, Aut(X ) is a non-abelian
group of order q(q+1) where q = (g+1) is a prime. Since G is not normal in Aut(X ), then
by the Sylow theorem we have that a group of order g+2 is normal in Aut(X ) and it is the
unique Sylow 2-subgroup of Aut(X ) (that is, g+1 is a Mersenne prime). Then g = 6, k = 4
(if k ≥ 5, then |Aut(X )| ≤ 20, a contradiction) and |Aut(X )Pi| = 7. A computation via the
Riemann-Hurwitz formula gives a contradiction.
This means that X must be (birationally equivalent to) one of the curves described in
Propositions 4.10, 4.11, or 4.15.
The case of Proposition 4.10 is immediately settled, as in this case, X is isomorphic to
the curve F (since p 6= 3) and |Aut(X )| = 3(g + 1) by [13, Theorem 1].
Next, let the number k of Aut(X )-short orbits equals 3.
First, assume |NAut(X )(G)| = 2(g + 1). Then either case (1) or (3) as in Proposition 4.11
occurs. If case (1) occurs, then {P0}, {P∞} and {P1, Pa} are contained in distinct Aut(X )-
short orbits. As the stabilizer of each of such points has either size 2(g + 1) or (g + 1),
a computation via the Riemann-Hurwitz formula shows that Aut(X ) = 2(g + 1). If case
(3) occurs, we may assume that {P1, Pa} and {P0, P∞} are contained in two distinct short
orbits. Let Q be a point in the third short orbit; then eQ = 2l for an integer l ≥ 1. We may
write the Riemann-Hurwitz formula applied to X → X /Aut(X ) as
2g − 2 ≥ |Aut(X )|
(
1
2
−
2
g + 1
)
.
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A computation gives |Aut(X )| ≤ 12(g+1), whence g ∈ {4, 6, 10}. For g = 10, we must have
|Aut(X )| = 12(g + 1) = 132, a contradiction since a group of order 11 should be normal
in such a group (as 12 is not a prime power). For g = 6, let n7 be the number of Sylow
7-subgroups of Aut(X ). Then n7 ≥ 8, n7 ≡ 1 mod 7 and n7 = |Aut(X ) : NAut(X )(G)| by
the Sylow Theorem. However, this yields |Aut(X )| ≥ 112 > 84 = 12(g+1), a contradiction.
If g = 4, let n5 be the number of Sylow 5-subgroups of Aut(X ). Then n5 ≥ 6, n5 ≡ 1
mod 4 and n5 = |Aut(X ) : NAut(X )(G)| by the Sylow Theorem. This imply Aut(X ) = 60,
and then Aut(X ) ∼= Alt5, the alternating group on 5 letters, contradicting Theorem 2.5.
Finally, let |NAut(X )(G)| = 4(g+1); we use the same notation as in Proposition 4.15. Note
that NAut(X )(G) is a non-abelian group of order 4(g + 1), g ≡ 0 mod 4 and NAut(X )(G) is
a Frobenius group. Since p 6= 2, we may apply Accola’s result (see [1, Lemma, page 477]).
Then δ fixes exactly two points outside Ω, and the ramification index e of a point in Ω in
the cover X → X /Aut(X ) equals g + 1. By the proof of the Hurwitz bound, (see item
(III) in the proof of [8, Theorem 11.56]), we have |Aut(X )| ≤ 40(g− 1). Since by the Sylow
Theorem |Aut(X )| ≥ 4(g + 1)(g + 2), this gives a contradiction whenever g > 4.
Things being so, let g = 4; since p 6= 2, 3, Aut(X ) is tame. Recall that a tame automor-
phism group of a genus 4-curve has size at most 120. By Proposition 4.15, X is one of the
following curves:
Q1 : Y
5 = X(X − 1)4(X − 1
2
)2,
Q2 : Y
5 = X(X − 1)4(X − 1
2
)3,
Q3 : Y
5 = X2(X − 1)3(X − 1
2
),
Q4 : Y
5 = X2(X − 1)3(X − 1
2
)4.
It can be checked that all these curves are birationally equivalent among themselves. For
instance, the map
ϕ(x, y) =
(
−(x− 1),
y3
(x− 1)2(x− 1
2
)
)
is a birational map betweenK(Q1) andK(Q3); the other birational equivalences are obtained
in a similar fashion. Since Aut(X ) is tame and large, (that is, Aut(X ) > 4(g − 1)), we may
look at the tables in [11, Table 4], where large tame automorphism groups of curves of
genus 4 as well as their orbit-behavior are exhibited. We see that either |Aut(X )| = 20 or
|Aut(X )| = 120, and if the latter holds, Aut(X ) ∼= S5. We can exclude the former possibility
since in this case, Aut(X ) would be isomorphic to a dihedral group D10 of order 20, which
does not contain any cyclic group of order 4. Hence, Aut(X ) ∼= S5, and our assertion follows.

Remark 4.19. The results in this subsection hold true whenever we replace Aut(X ) by an
automorphism group G′ of X containing G. In particular, by Corollary 4.17 and Theorem
4.18, if G is not normal in Aut(X ), then Aut(X ) is non-tame and case (d) of Theorem 2.1
holds.
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Lemma 4.20. For p > 3, let X be non-hyperelliptic (g + 1)-curve of genus g > 2 such that
G is not normal in Aut(X ). Then the following hold.
(i) There is a cyclic automorphism τ ∈ Aut(X ) of order 4 normalizing α and acting
transitively on Ω = {P0, P1, Pa, P∞}.
(ii) Aut(X )Pi = G for all i = 0, 1, a,∞.
(iii) There is no involution in Aut(X ) that commutes with α. In particular, the group
〈τ, α〉 is neither isomorphic to Z4(g+1) nor to D2(g+1).
(iv) |Aut(X )| = 4(g + 1)(d(g + 1) + 1) for some positive integer d.
Proof. By Remark 4.19, Aut(X ) has two short orbits on X : one tame, say Λ1, and one non-
tame, say Λ2. Moreover, Proposition 4.16 implies Ω = {P0, P1, Pa, P∞} ⊂ Λ1. In particular,
there must exist τ ∈ Aut(X ) such that τ(P0) = P1. Thus τ
−1ατ(P0) = τ
−1(P1) = P0.
Hence τ−1ατ ∈ Aut(X )P0, and then τ
−1ατ = α. Thus the order of τ is at most 4. By
Proposition 4.10 and [13, Theorem 1] we have that τ has order 2 or 4. If τ is of order 2,
then there exists η ∈ Aut(X ) such that η(P0) = Pa and η normalizes α. Thus 〈τ, η〉 is
isomorphic to a subgroup of the symmetric group S4 without an element of order 3, and
then V4 ⋉ G ≤ Aut(X ), contradicting Proposition 4.13. Hence τ has order 4, and a similar
argument shows that the action of τ on Ω must be transitive. This proves (i).
To prove (ii), assume that |Aut(X )Pi| > g+1. By [8, Theorem 11.79] we have |Aut(X )Pi| =
k(g+1), with k = 2, 3 or 4. But Aut(X )Pi is cyclic, and then k 6= 3, as shown in the previous
paragraph. So let σ ∈ Aut(X )Pi of order 2(g + 1), with σ
2 = α. Hence τ 2 normalizes σ and
〈τ 2, σ〉/G is a non-cyclic subgroup of N/G of order 4, contradicting Proposition 4.13.
Now suppose that µ is an involution commuting with α. Set X¯ = X /〈µ〉 and g¯ = g(X /〈µ〉).
Via the Riemann-Hurwitz formula applied to the cover X → X¯ , we conclude that µ has
exactly two fixed points, both outside Ω. But αµ = µα, and therefore α must act on the
set of fixed points of µ. Hence α must fix such points, a contradiction since the set of fixed
points of α is Ω. This concludes the proof of (iii).
Finally, since Ω ⊂ Λ1, then (i) and (ii) imply that 4 divides |Λ1| and |Λ1| ≡ 4 mod g+ 1.
Thus |Λ1| = 4d(g+1)+4 for some positive integer d. This combined with the Orbit-Stabilizer
Theorem finishes the proof. 
Lemma 4.21. For p > 3, let X be non-hyperelliptic (g + 1)-curve of genus g > 4 such that
G is not normal in Aut(X ). If O(Aut(X )) is non-trivial, then G ≤ O(Aut(X )).
Proof. Assume that there exists H ⊳ Aut(X ) of odd order, with α /∈ H . In particular,
H ∩ 〈τ, α〉 = {1}. Set X˜ = X /H and g˜ = g(X˜ ). If g˜ = 0, then X˜ is a rational curve with
an automorphism subgroup isomorphic to 〈τ, α〉. But this is impossible by Lemma 4.20 (iii)
and [22, Theorem 1].
Suppose g˜ = 1. Then G must be isomorphic to a subgroup of a non-trivial one-point
stabilizer in the automorphism group of an elliptic curve, a contradiction to [8, Theorem
11.94].
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Therefore g˜ ≥ 2. In this case, we obtain that X˜ is a (2g˜ + 1)-curve, with g + 1 = 2g˜ + 1.
Denoting d = |H|, the Riemann-Hurwitz formula applied to the cover X → X˜ provides that
d = 2, contradicting the fact that H has odd order. 
Proposition 4.22. For p > 3, let X be non-hyperelliptic (g + 1)-curve of genus g > 4 such
G is not normal in Aut(X ). Then O(Aut(X )) is trivial.
Proof. By contradiction, let O(Aut(X )) be non-trivial. By Lemma 4.21, G ≤ O(Aut(X )).
Then either G is normal in O(Aut(X )) or not. If the former holds, then the only possibility
is |O(Aut(X ))| = 3(g + 1) and X is isomorphic to the curve F as in Proposition 4.10, a
contradiction since by [13, Theorem 1], G is normal in Aut(F). If the latter holds, then by
Remark 4.19 O(Aut(X )) is non-tame and we may apply Lemma 4.20(iii), a contradiction. 
Theorem 4.23. For p > 3, let X be non-hyperelliptic (g + 1)-curve of genus g > 4. Then
G is normal in Aut(X ).
Proof. Since g is even, the group structure of Aut(X ) is one of those given in Theorem 2.5.
By contradiction, let G be non-normal in Aut(X ). Then 4.20 applies. Also, by Proposition
4.22, O(Aut(X )) is trivial. We proceed by a case-by-case analysis based on Theorem 2.5.
• By Lemma 4.20 (i) Aut(X ) has even order, so (i) cannot occur.
• We clearly can rule out case (ii) as well, since g + 1 divides |Aut(X )|.
• Assume that the commutator subgroup of Aut(X ) is isomorphic to SL(2, q) with
q ≥ 5. Suppose that α /∈ SL(2, q). An argument similar to the one used in the
proof of Lemma 4.21 gives that X /SL(2, q) is rational. Let τ ∈ Aut(X ) as in Lemma
4.20(i). We claim that τ ∈ SL(2, q). Indeed, suppose that τ 6∈ SL(2, q). Then since
Aut(X )/SL(2, q) is abelian, we have α−1τ−1ατ ∈ SL(2, q). But τ−1ατ = αj for some
j, which gives αj−1 ∈ SL(2, q), thus j = 1. In turn, this implies that τ commutes
with α, contradicting Lemma 4.20(iii). Hence P0, P1, Pa, and P∞ belong to the same
orbit of SL(2, q), say Γ1. Denote by α˜ ∈ Aut(X /SL(2, q)) the automorphism induced
by α and let Q ∈ X /SL(2, q) the point below Γ1. Then Q is fixed by α˜. Since α˜ fixes
another point R ∈ X /SL(2, q), we have that the orbit Γ2 lying over R is preserved
by α. Thus g + 1 divides |Γ2|, as α fixes no point outside Ω. On the other hand, it
follows from Lemma 4.20(iv) that
|SL(2, q)| divides 4d(g + 1) + 4,
and then r|Γ2| = 4d(g + 1) + 4 for some r. Therefore (g + 1)|4, a contradiction.
Now assume that α ∈ SL(2, q). If q is odd, then SL(2, q) has a central involution,
which is not possible in our case. Suppose then q = 2w for some positive integer
w, and so SL(2, q) = PSL(2, q). Then g + 1 divides |PSL(2, 2w)| = 2w(22w − 1),
which gives |PSL(2, 2w)| > 84(g − 1) since we are assuming g > 4. Therefore, since
all the results obtained in this section for Aut(X ) hold for subgroups of Aut(X )
containing α, we conclude from Lemma 4.20(i) that there is a cyclic group of order 4
in PSL(2, 2w). But this contradicts Dickson’s classification of subgroups of PSL(2, q),
see [22, Theorem 4]. Hence (iii) of Theorem 2.5 cannot occur.
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• Suppose that PSL(2, q) ≤ Aut(X ) ≤ PΓL(2, q), with q ≥ 3. If q = ℓh for a prime ℓ,
recall that
PΓL(2, q) ∼= PSL(2, q)⋊Gal(Fq/Fℓ),
and then |PΓL(2, q)| = hq(q
2−1)
2
. If α /∈ PSL(2, q), then (g + 1)|h, which gives q =
ℓ(g+1)c for some positive integer c. In particular, q > ℓ(g + 1) ≥ 6(g + 1), whence
|Aut(X )| > 108g4, which is impossible by [19, Hauptsatz].
Hence assume that α ∈ PSL(2, q). Since |PSL(2, q)| = q(q
2−1)
2
, we have that g + 1
divides either q, q−1 or q+1. If (g+1)|q, then q = (g+1)s for some positive integer
s. Note that s > 1 implies |Aut(cX)| ≥ g6/2, a contradiction by [19, Hauptsatz] and
[8, Theorem 11.127]. So s = 1 and g + 1 = q. From the structure of PSL(2, q), there
is an automorphism of order g/2 normalizing α, and then g ≤ 8. However, g 6= 8
since g + 1 is prime and g = 6 contradicts Proposition 4.10.
If (g + 1)|q − 1, we have q − 1 = k(g + 1) for some positive integer k. If k is
odd, then q is even and so α ∈ PSL(2, 2w) for some w. But we have already seen
that such a case can be dismissed. For k ≥ 4 we obtain |Aut(X )| > 16g3 > 8g3,
and [8, Theorem 11.127] implies that X is isomorphic to the Hermitian curve, which
is impossible as such a curve is not a g + 1-curve. So we are left with the case
k = 2, that is, 2(g + 1) = q − 1. If Aut(X ) > PSL(2, q), then again |Aut(X )| > 8g3
gives a contradiction. Thus Aut(X ) = PSL(2, q). From Lemma 4.20(i) there is
τ ∈ PSL(2, q) of order 4 normalizing α, and 〈τ, α〉 ≤ PSL(2, q) is a subgroup of order
2(q − 1). However, by [22, Theorem 4] there is no such subgroup in PSL(2, q).
The case (g + 1)|q + 1 can be excluded in the same way. Hence we can rule out
(iv) of Theorem 2.5.
• If PSL(3, q) ≤ Aut(X ) ≤ PΓL(3, q) with q ≡ 3 mod 4, using the same argument of
the previous item, we would have |Aut(X )| > g8 if α /∈ PSL(3, q), which is impossible,
and |Aut(X )| > 8g3 if α ∈ PSL(3, q) (which also leads us to a contradiction), except
for q = 3 and g = 12. Since |PSL(3, q)| = q
3(q3−1)(q2−1)
gcd(3,q−1)
, we obtain |PSL(3, 3)| =
24 · 23 · 13, and then p ≤ 3. This rules out (v) of Theorem 2.5. In the same way, with
no exception, one may exclude case (vi), since |PSU(3, q)| = q
3(q3+1)(q2−1)
gcd(3,q+1)
.
• Suppose Aut(X ) ∼= Alt7. As |Alt7| = 2520 = 2
3 · 32 · 5 · 7, it follows that g + 1 = 7,
a contradiction as 2520 > 8 · 63 = 8g3. Note that this argument also excludes (x) of
Theorem 2.5.
• In case Aut(X ) ∼= M11, since |M11| = 2
4 · 32 · 5 · 11 = 7920, we have g + 1 = 11. Such
case cannot occur as the normalizer in M11 of a Sylow 11-subgroup is the semi-direct
product C11 ⋊ C5 where C5 is a cyclic 5-group (see [6]), a contradiction to Remark
4.9.
• Both groups in cases (ix) and (xi) have order 48, so these cases can be excluded
immediately.

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Proof of Theorem 4.7. An immediate consequence of Theorems 4.18 and 4.23 and
Corollary 4.14. 
4.4. Automorphism groups of wild (g + 1)-curves. In this subsection, we turn our
attention to the automorphism group of wild non-hyperelliptic (g + 1)-curves. By Theorem
4.2, we know that a wild non-hyperelliptic (g + 1)-curve admits a plane model
Zd,e,ℓ : Y
g+1 − Y = X3 + dX2 + eX + ℓ,
for d, e, ℓ ∈ K. Since this model is given by separated polynomials, we may apply the results
in [8, Section 12.1] and [3]. Before doing so, it is useful to establish the different isomorphism
classes of wild (g + 1)-curves.
Proposition 4.24. Let B(X) = X3+dX2+ eX+ ℓ. Then the wild (g+1)-curve with affine
equation Y g+1 − Y = B(X) is isomorphic to one of the following curves:
• C : Y g+1 − Y = X3;
• D : Y g+1 − Y = X(X − 1)2;
• Eλ : Y
g+1 − Y = X(X − 1)(X − λ), for λ ∈ K \ {0, 1}.
Proof. First, let B(X) have only one root in K, that is, B(X) = (X − a)3, for a ∈ K. A
linear substitution in X provides the required isomorphism between the curve with affine
equation Y g+1 + Y = B(X) and C.
Next, let B(X) have two distinct roots x0, x1 in K. Since PGL(2, K) is sharply 3-transitive
on P1, we may assume that x0 = 0, x1 = 1, whence the curve with affine equation Y
g+1+Y =
B(X) is isomorphic to the curve D.
Finally, let B(X) have three distinct roots x0, x1, x2. We distinguish two cases. First, let
B(X) = X3 − ℓ, for ℓ ∈ K. Then the curve with affine equation Y g+1 + Y = X3 − ℓ is
isomorphic to C via the map (x, y) 7→ (x, y+m) where mp−m = ℓ. If B(X) 6= X3− ℓ, that
is, there is no cyclic automorphism group of order three permuting x0, x1, x2, we may assume
that x0 = 0, x1 = 1, again by the 3-transitivity of PGL(2, K). Since P∞, (the common pole
of x, y) has already been chosen, we have to let x2 = λ for λ ∈ K \ {0, 1}, thus obtaining
the equation of Eλ, and we are done. 
Thus, we may obtain the main result of this section.
Theorem 4.25. The automorphism group Aut(Zd,e,ℓ) of a wild (g+1)-curve fixes P∞, unless
g + 1 ≡ −1 mod 3 and Zd,e,ℓ is projectively equivalent to the curve
C : Y g+1 − Y = X3, with |Aut(C1)| = 3g(g + 1)(g + 2).
Further, if g ≡ 0 mod 3, then |Aut(C)| = 3g(g+1). In the remaining cases, |Aut(Zd,e,ℓ)| ∈
{g + 1, 2(g + 1), 3(g + 1)}.
Proof. Let K(x, y) = K(Zd,e,ℓ). Also, let P∞ be the common pole of x and y in K(Zd,e,ℓ).
By [8, Theorem 11.12], Aut(Zd,e,ℓ) fixes P∞ unless Zd,e,ℓ is projectively equivalent either to
the curve C = Z0,0,0 with affine equation
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C : Y g+1 − Y = X3,
with g + 1 ≡ −1 mod 3, or to an Hermitian curve. As the latter case is easily discarded,
we may infer that Aut(Zd,e,ℓ) = Aut(Zd,e,ℓ)
(0)
P∞
unless g ≡ 1 mod 3, and B(X) has exactly
one root in K. If this is the case, always by [8, Theorem 11.12], Aut(Zd,e,ℓ) contains a normal
subgroup C3 of order 3 such that Aut(Zd,e,ℓ)/C3 ∼= PGL(2, g + 1). If g ≡ 0 mod 3, then by
[3, Theorem 3.2 (ii)], then Aut(C) = G⋊H , where H is a cyclic tame group with |H| = 3g.
Next, assume that Zd,e,ℓ is not isomorphic to C. By Proposition 4.24, then Zd,e,ℓ is isomor-
phic either to D or Eλ. Also, in both of these cases, Aut(Zd,e,ℓ) = G⋊H , where H is a cyclic
tame group whose size we need to determine. If the former holds, then by [3, Remark 3.5],
then the order of H is either 1 or 2. Let H = 〈γ〉; by [3, Proposition 3.4], γ(x) = bx+ c, for
b, c ∈ K, and γ(B(x)) = aB(x), for a ∈ F∗(g+1). A computation gives b = 1, c = 0, whence H
is trivial.
If the latter holds, that is, Zd,e,ℓ is isomorphic to Eλ, we first observe that H must act on
the set {0, 1, λ}, and it is then isomorphic to a cyclic subgroup of S3, whence |H| ∈ {1, 2, 3}.
Again, for a generator γ of H , we have γ(x) = bx + c, for b, c ∈ K, and γ(B(x)) = aB(x),
for a ∈ F∗(g+1). A computation shows that b = −1 if |H| = 2, or b is a primitive 3-rd root
of the unity if |H| = 3. If the former holds, then c = λ if λ = 2, c = 0 if λ = −1, c = 1 if
λ = 2−1. If the latter holds, then λ must be a primitive root of −1. 
5. Some remarks on g and (g − 1)-curves
In this section, we give some partial results and some remarks regarding the classification
and the determination of the full automorphism group of g and (g − 1)-curves.
5.1. On g-curves. In this subsection, we focus on g-curves. The following result is obtained.
Proposition 5.1. Let X be a g-curve, and let α ∈ Aut(X ) of order g with G = 〈α〉. Then
one of the following holds.
(i) g(X /G) = 1, with ρ(α) = 2 if g 6= p and ρ(α) = 1 if g = p;
(ii) g(X /G) = 0, with g = 3, ρ(α) = 5 if g 6= p and ρ(α) = 2 if g = p.
Proof. Since g is prime, regardless of which case holds (p = g or p 6= g), the Riemann-Hurwitz
genus formula applied to the covering X → X /G reads
(6) 2(g − 1) = 2g(g¯ − 1) + s(g − 1),
where g¯ = g(X /G). From direct inspection, g¯ ≤ 1. Assume that g¯ = 1. Then Equation (6)
yields
2(g − 1) = +s(g − 1).
Hence, s = 2. If g 6= p, we have two distinct fixed points P,Q, whereas for p = g, we have a
single point fixed by α with G
(0)
P = G
(1)
P = G, while G
(2)
P is trivial.
Next, assume that g¯ = 0. In this case, Equation (6) reads
2(2g − 1) = s(g − 1).
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The above equation admits integer solutions s if and only if either g = 2 or g = 3. As g = 2
is excluded by our hypothesis, we are left with q = g = 3 and s = 5. If q 6= p, we have then 5
points fixed by α, whereas if q = p we have two points P,Q fixed by α, with G
(0)
P = G
(1)
P = G,
while G
(2)
P is trivial, and G
(0)
Q = G
(1)
Q = G
(2)
Q = G, and G
(3)
Q is trivial. 
Thus, in the general case, to obtain explicit models for tame and wild g-curves, one
should consider extensions of function fields of elliptic curves, with prescribed ramification.
Assuming that a group of order g in the automorphism group of a given g-curve is not
self-normalizing, one may infer some more information on the underlying elliptic curve, and
proceed to construct a model via Kummer or Artin-Schreier theory. We finally point out
that without such a model, general results on the automorphism group of these curves (apart
from something akin to the first results of Subsections 3.2 and 4.2) seem rather difficult to
obtain, since these curves have odd genus.
5.2. On (g − 1)-curves. Finally, we turn our attention to (g − 1)-curves. We prove the
following.
Proposition 5.2. Let X be a (g−1)-curve, and let α ∈ Aut(X ) of order g−1 with G = 〈α〉.
Then one of the following holds.
(i) g(X /G) = 2, with ρ(α) = 0;
(ii) g(X /G) = 1, with either g = 3 or g = 4;
(iii) g(X /G) = 0, with g ∈ {3, 4, 6}.
Proof. Let G = 〈α〉, g¯ = g(X /G). As g−1 is prime, regardless of which case holds (p = g−1
or p 6= g− 1), the Riemann-Hurwitz genus formula applied to the covering X → X /G reads
(7) 2(g − 1) = 2(g − 1)(g¯ − 1) + s(g − 2).
From direct inspection, g¯ ≤ 2. If g¯ = 2, Equation (7) reads
2(g − 1) = 2(g − 1) + s(g − 2),
which is satisfied if, and only if, s = 0, and our first claim follows.
If g¯ = 1, Equation (7) reads
2(g − 1) = s(g − 2),
whence either g = 3 and s = 4, or g = 4 and s = 3.
If g¯ = 0, Equation (7) reads
4(g − 1) = s(g − 2),
whence either g = 3 and s = 8, or g = 4 and s = 6 or g = 6 and s = 5. 
Let X be (g − 1)-curve such that X /G is a curve of genus 2. If char(K) = g − 1, it is
relatively easy to provide explicit models of (g − 1)-curves via Artin-Schreier theory. More
in detail, the techniques developed in [21] to construct unramified Artin-Schreier extensions
of function fields can be used once the quotient curve X /G is given. However, it seems to us
much more difficult to give examples over fields of characteristic different from g − 1. The
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reason is that unramified Kummer extensions have not been so thoroughly studied in the
literature. We provide the following example.
Example 5.3. Let p 6= 5. Then the plane curve with affine equation
X5Y 10 = 2Y 5 + 1
is a 5-curve of genus 6, whose function field was obtained through the following extension{
y2 = x5 − 1
z5 = y+1
x5
.
of the function field of the genus two curve with affine equation Y 2 = X5−1. It can be checked
through Magma that this curve has 150 automorphisms, that is, it attains the maximum size
of a tame automorphism group a genus 6 curve.
As (g − 1)-curves have even genus, for p 6= 2 we may infer much information on their
automorphism groups, again by using the results in [7]. We point out that (g − 1)-curves
have recently been considered in the literature when p = 0, see [10].
Remark 5.4. Let us recall that a Hurwitz curve is a curve attaining the Hurwitz upper bound
|G| = 84(g − 1) for the size of a tame automorphism group G. Hurwitz curves do not exist
for any genus; the smallest values are g = 3, 7, 14, 17. For g = 3, there exists only one such
curves, namely the Klein quartic of affine equation X3Y + Y 3 +X = 0. For genus 7, again
there is only one Hurwitz curve, the so-called Fricke-Machbeath curve, whose plane equation
over Q is given by 1 + 7XY + 21X2Y 2 + 35X3Y 3 + 28X4Y 4 + 2X7 + 2Y 7 = 0. For higher
genus, no explicit equation for a Hurwitz curve is known. For genus 14, there are 3 distinct
Hurwitz curves, which happen to be (g−1)-curves. It seems possible, although non-trivial, to
give explicit equations for such Hurwitz curves by building up on the results and observations
made in this subsection.
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